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Abstract

This paper discusses the relation between Robinson’s operator (R}%) and van
Emden and Kowalski’s immediate consequence operator, in ascendant form (7p 1)
as well as in descendant form (7'p }). Our main result proves that Tp | and Tgy, |
coincide in each level k, ie., Tp | k = Tgr | k with independence of the n we
choose.
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1 Introduction

Since van Emden and Kowalski presented their immediate consequence operator [8] in
1976, it has become the paradigm of the semantic interpretation of Logic Programming.
Eleven years before, J. A. Robinson [7] presented resolution as proof procedure and
the so—called Robinson’s operator R}. Given a program P, this operator allows us
to get another program P’ obtained by adding to P all the binary resolvents between
clauses of P. This paper discusses the relation between both operators, considering the
immediate consequence operator in ascendant form as well as in descendant form. With
respect to the ascendant operator, theorem 3.1 shows that if a ground atom A is a logical
consequence of P, then we can find a natural number n such that for all m > n, the fact
A < is a ground instance of a fact of R}%.

Our main result is theorem 4.8, where we prove that operators Tp | and Tk | coincide,
not only in the limit as it happens with 7' 1 (Th. 3.2), but in each level k, and we prove
that the result holds for all n.

2 Definitions and notation

In the sequel we will consider some fixed first—order language with a finite number of
function symbols (including constants) and a finite number of predicate symbols. For
most definitions from logic, we refer to [1, 3, 6]. Let us recall the following:

Terms are defined inductively as follows: constants and variables are terms, and if
t1,...,t, are terms and f is a function symbol of arity n, then f(¢;,...,%,) is a term. An
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atomn has the form p(¢y,...,t,) where p is an n—ary predicate symbol and ti,...,t, are
terms.

A definite program clause (a clause in the following) is a formula of the form Vz, ...V
(AV-A; V... v—-A,) where A and A,,..., A, are atoms, n > 0, and xy, ..., z, are all the
variables occuring in AV —A; V...V A,. We will denote that clause by A < Ay,..., A,
as usual. A term or a clause is ground if it does not contain any variables.

A substitution is a finite mapping from variables to terms, and is written as § = {z/ty, ...
xs/ts}. Ifall ty, ..., t, are ground, then 6 is called ground. If for a substitution 6 we have
Af = B0, then 0 is called a unifier of A and B. A unifier 0 is called a most general
unifier (or mgu in short) if it is more general than any other unifier of A and B. A
definite program is a set of clauses!. If the clause C' is the binary resolvent of the clauses
C, and Oy, we will write C' = C - Cy

The Herbrand base of a program P, Bp, is the set of all ground atoms which can be
formed out of the symbols occuring in P. As usual, Mp is the least Herbrand model of
P, i.e., the intersection of all Herbrand models for P, and 2”7 is the power set of Bp.
We also recall the definitions of Robinson’s operator [7] and van Emden and Kowalski’s
immediate consequence operator [8].

Definition 2.1 Let P be a definite program and let Rp be the set
Rp={C:3C,,Co e P(C=C;-Cy)}
Robinson’s operator is defined recursively as follows
RY, =P
RE™ = RpURgy,

Definition 2.2 Let P be a definite program. We call the immediate consequence operator
to the mapping

Tp : 287 — 2Pr
defined as follows: VI C Bp Tp(I) = {A € Bp: A<+ Ay,..., A, is a ground instance of
a clause in P and {A,...,A,} CI}.

Obviously Tp is monotonic, i.e., if X CY then Tp(X) C Tp(Y).
The next definition is adapted from [3].

Definition 2.3 Let P be a definite program and Tp its immediate consequence operator.

The following mappings are defined
Tp TZ N — 2Br
0 ifn=0
" ~ TPTH_{TP(TPT(n—l)) ifn>0

TPJ,Z N — 2B
n N Tpin:{BP an:O

Tp(Tp ) (n—1) ifn>0

We also consider
TPTWZU{TkakZO}
Tpiw:r\l{TpikaO}

LA definite program is usually considered as a finite set of clauses. We permit infinite sets for our
purpose.



We finish this section with a classic theorem in Logic Programming (Th 6.2 and Th. 6.5
in [3]).

Theorem 2.4 Let P be a definite program. Then Tp tw = Mp ={A € Bp: P A}

3 The ascendant operator

The next theorem shows that if a ground atom A is a logical consequence of P, i.e.,
(Fk)[A € Tp 1 k] (Th. 2.4), then we can find a natural number n such that for all m > n,
the fact A < is a ground instance of a fact of RY.

Theorem 3.1 Let P be a definite program and let | be the mazimum number of literals
wn the body of a clause of P. Then, given k > 1, there is n such that

oTkaQTR;Tl
e 0<n< (k—-1)

Proof. The proof is by induction on k

(k =1) We only must consider n =0

(k — k+1) Suppose the theorem holds for k, i.e., there is n' with 0 < n’ < (k — 1)l such
that Tpr Tk C TR;I T1,ie, forall Ae Tp 1k, A<+ isa ground instance of a clause of

R%. Assume B € Tp 1 (k+1). Then we can find a ground instance C = B « A,,..., A,
of a clause of P (and hence, a clause of R%) such that {A;,..., A,} € Tp 1 k. So we
have that B < Aj,..., Ay and A; ..., A, < are ground instances of clauses of R}
and therefore

B<—E(((...((C-A1<_).A2<_)___).As<_)ER;@’H

Then if we take n = n' + s, we have B € TR?) 71 and s < [. Therefore 0 < n < kl. O

The next theorem shows that, in the limit, we have the equality.
Theorem 3.2 Let P be a definite program. Then, for alln, Tp T w =Tgr, T w

Proof. Since P and R} are logically equivalent, for all n, we have
TPTCJ:MPZH{IQBP . I):P}:ﬁ{lng . I):R%}:MR}g:TR}TUJ [l

4 The descendant operator

Our following goal is to study the relation between 7% | and Robinson’s operator. The
main result is the theorem 4.8. It shows that for all k, Tk | k = Tp | k with indepen-
dence of the n we choose. We first prove the natural inclusion.

Theorem 4.1 Let P be a definite program. Then Vk > 0,Y¥n > 0,Tp L k CTge | k

Proof. By induction on k:

(k = 0) Trivial, since the Herbrand base of P and R}, are the same: Tp | 0 = Bp =
TR% J, 0

(k — k + 1) Suppose the result holds for k, and assume A € Tp | (k+1) =Tp(Tp | k),
i.e., there is a ground instance A <— By,..., By of a clause of P such that {By,..., By} C



Tp | k. By induction hypothesis, Tp | k C Ty | k (Vn > 0) and trivially P C R}
(Vn > 0) Then, given n > 0, we have, on the one hand, {By,...,Bs} C Tgn | k
and on the other hand A < By,..., B is a ground instance of a clause of R}%. Hence
AGTR’;(TngLk):TRgJ/(k'F]-) (|

For the proof of the other inclusion we need some previous results.

Definition 4.2 Let P be a definite program. We denote by [P] the set of all ground
instances of clauses of P.

Lemma 4.3 Let P be a definite program. Then V1 C Bp, Tp(1) = Tip(1)

Proof. A € Tp(I) if and only if there is a ground instance of a clause of P, A «+
By, ...,Bs (s > 0) such that {B;,..., B,} C I and it happens if and only if A € Tjp)(1)
(I

Corollary 4.4 Let P be a definite program. Then Yk > 0 Tplk=Tp 1k

Proof. By induction on k.

(k — k +1) By the induction hypothesis we have Tp | k = Tjpj | k, then Tp | (k+1) =
Tp(Tp L k) = Tp(Tip | k). Also, by lemma 4.3 Tp(Tip) | k) = Tip)(Tip) 4 k). Therefore
Tp | (k+1) =Tp(Tp | k) = Tp(Tip) L k) = Tip(Tipy L k) = Tipp 4 (K + 1) O

Lemma 4.5 Let P be a definite program. Then ¥n > 0 [Rp] = R,

Proof. We are going to prove the lemma by induction on n.

(n=0) [Rp] = [P] = Ry,

(n — 1 — n) We prove the equality by double inclusion

(A) We first prove [R}] C Rijy

Suppose C € [R}] = [Rp ' U Rszl] = [REHU [RRgfl] We have to prove C' € Rjj,;. We
consider two cases:

Case 1: C € [R¥]

In this case, by induction hypothesis, we have [R% '] = Rﬁ;}l and trivially, Rﬁ;}l C Ry,
then C € [RE™'] = Rjy" C Riyy

Case 2: C € [RR;Iﬂ

Consider Cy € ’R,R;q such that there is a ground substitution # such that Cyf = C.
As Cy € Rszl, there are C1,C5 € Rﬁ_l such that Cy = C; - Cy. Assume C; = A
Ai,...,As and Cy, = B + By,...,B; and let 0 be a mgu of A; and B, i.e., A;c = Bo
and hence Cj is the clause Ao < Ayo,...,A;_10,By0,...,B0,Aj10,...,A;0 and C
is the clause Aol < A,00,...,A;_100,B00,..., B0l A 100,..., A00. Let v be a
substitution that make A;of ground, i.e., a substitution such that A;00y = Bofy is a
ground atom. Let C] and C!, be the clauses

Cl = Aol + Aiob,..., Ai_100, Ajoby, Ai 100, ..., Aol

and
Cy = Boby + Byo#, ..., Bt

We have the following:



e C} and C} are clauses of [R's'] since they are ground instances of C; and C,,
(CY = Cyo6y and Ch = Cy060v) and Oy and Cy belong to R

e By induction hypothesis [R% '] = Rﬁ;}l, therefore C1, C5 € R !
e Finally, C = C7 - C3, hence C' € R,

(B) Now our goal is to prove R C [R}]
Assume C € Rfjy = R, 'y RREl We have to consider the following cases:

Case 1: C € R"_]l

By induction hypothesis R/ ]1 [R5 and since R C R we have that [R%'] C [R}].

Therefore C € Rip' = [Rp '] C [Rp]

Case 2: C ¢ RRpr

Let C1 = A « A,...,A; and Cy; = B < By,...,B; be two clauses of R?P_]l such
that C' = Cy - Cy with A; = B, then C = A < Ay,...,A; 1,B1,...., By, Aiy1,..., A
By induction hypothesis, REl = [R}p Y], hence C1,Cy € [R}pY]. Therefore there are
two clauses Cf,Ch € R%™! (we can suppose they are standardized apart) and a ground
substitution @ such that C10 = C; and Cj0 = C, Consider C] = A" < A}, ..., Al and
C), = B' <+ Bi,...,B; We know that A} and B’ are unifiable, since A}§ = A; = B = B'0.
Let o be a mgu of A, and B’, i.e. Alo = B'o and suppose C' = C] - C}, C' € R}
C'= Ao« Alo,...,A]_|,Bio,...,Bo, A} 0,...,A0. As 0 is a mgu of A and B',
there is a substitution 0 such that o6 = 6 and therefore we have C' € R}, and C'6 = C,
hence C € [R}] O

Theorem 4.6 Let P be a definite program
VTLZO, szo TR?P]ikgT[p}\l,k

Proof. We prove the theorem by induction on n
(n=0)Tro, L k=Tiroyd k=Tip L k
(n — n + 1) Suppose
Vk >0 TRFP] LEkCTp Lk (1)

We have to prove

Vk >0 TR?;ikgT[p]ik
We prove this inclusion by induction on k
(k—k+ 1) In this case we suppose

Tonir Lk C Tipy L k (2)

[P]
and we have to prove
RFH L(k+1) CTip L (E+1)
Suppose A € TR?;T 1 (k4 1) Then there is a clause C' € R["Ij]l, C=A« Ay,..., A, such
that {Aq,..., As} C TR?I:EI 1 k. Since C € R["ﬁjl = Rjp U RRFP] we consider the following

two cases:
Case 1: C' € Ry,



On the one hand, since we assume (2), T Ryt L k CTip) | k, on the other hand by theorem
4.1, Tip) L k C TRn | k. Therefore TRn+1 i k C TRn L k. Also {A;,..., A} C TRF}# 1k,
then {Al,.. A } g TR[nP] 1k and since C = A + Al,.. Ay € Rjp), we have

A € Ty, (Tp, L k) =Ty, L (k+1) (3)
But we assume (1), then
T, (k4 1) € Ty 4 (k1) )

Therefore, by (3) and (4), we have A € Tip | (k+ 1)

Case 2: C ¢ RRFP]

Let C; and Cy be two clauses of RFP} such that C = Cy -Cy,ie., Cy =L < Lq,...,L,
and Cy = M < M, ..., M; with L; = M, hence

CEL<—Ll,...,Li_l,Ml,...,MtLH_l,...,LT
and then we have L = A and
L, ifje{l,...,i—1}
Aj=¢ Mj_iyq ifjed{s,....i+t—1}
Lj ifje{i+t,...,s}
To prove A € Tip) | (k+ 1), we will first see that {L,,...,L,} C TRFP] 1 k. We will show
it in two steps:
Step 1: We are going to prove {Ly,...,L; 1,Lit1,..., L} C TRFP] 1 k.
We have {L]_,... LZ 17Li+].7-- L} C {A]_,.. A} C TRn+1 J, k. By (2) we
assume TRn+l 1 k € Tipy | k and by theorem 4.1 Tip) | k C TRn J k.Hence
{Ly,..., LZ 1,Ll+1,.. L }Q{Al, A}CTRn+1 LkCT \LkCTRn L k.

Step 2: Our goal now is to prove L; € TR[nP] I k.
We have {My,..., My} C {Al,...,As} C TRFP+]1 1 k and by (2) and theorem (4.1)
(as above) TRﬁl 1k C TRn | k. And since the immediate consequence operator
is monotonic and TRn + O Bp, we have TRFP] 1k C TRE’P] 1 (k —1). Therefore
{My,..., M} C TRFI:EI Yk C Thy bk C Thy, ) (k —1). So we have on the one
hand {M;,..., M} C Try, L (k — 1) and, on the other hand the clause Cy = M «+
My, ..., M; in Rﬁ:,}. Hence M = L; € TRFP] Ik

So we have that {L,...,L,} C TRFP] lkand C, =L < Ly,...,L, is a clause of R[ -

Hence L = A € Thn, | (k +1). But we assume (1), so we have Trp, (k+1) CTipd
(k+1). So we conclude A € Tip; | (k+1). O
Corollary 4.7 Vn >0,  Vk >0 Ty Lk CTp Lk

Proof. By corollary 4.4 Tgn | k = Tign) | k. By lemma 4.5 Tign) | k = TRn I k. By
theorem 4.6 TRn Lk Clp | k. Applymg corollary 4.4 again, Tip) | k = Tp ¢ k. So we
haveTRgik— ) 4 k= TRn LECTp L k=Tp | k. O

Finally, if we put together theorem 4.1 and corollary 4.7 we can enounce our equality.



Theorem 4.8 Let P be a definite program. Then ¥n >0, Vk > 0Tgn | k=Tp | k
Corollary 4.9 Let P be a definite program. Then ¥n > 0, Ty L w=Tp | w

Proof. Trivially, from 4.8 Tgn | w = Ty Lk : k>0 = {Tp Lk : k >0} =Tplw
([l

5 Conclusion and future work

One of the research fields having received more attention in recent years has been Induc-
tive Logic Programming [4, 5, 6]. But, despite its encouraging success, we think that a
deeper research in its semantics is necessary.

The results we present, although interesting by themselves, can be seen as a new step in
this line.

If we consider Robinson’s operator as a generalization of the method called unfolding,
introduced by Bostrom and Idestam—Almquist in [2] to solve the specialization problem
of ILP, this paper offers a semantic point of view to approach this problem.
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