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Abstract interpretat ion is a well established theory for systematic design of approx
imate semantics of programming languages [9). These .include static program analysis 
[12, 13, 8]1, type inference [ll], denotational and operational semantics of programming 
languages [4, 5, 16, 10, 24, 21 , 23, 31], just to cite the most important fields where abstract 
interpretation has been applied. 

According to the classical Cousot and Cousot framework [13, 8, 14], an abstract inter
pretation is defined as a nonstandard (approximated) program semantics obtained from 
the standard (or concrete) one by substituting the actual (concrete) domain C of compu
tation and its basic (concrete) semantic operations with, respectively, an ab.stract domain 
A and corresponding abstract semantic oper·ations. Let us consider the standard case of 
a concrete {denotational) semantics specified by [-] : Program ~ C, where C is some 
concrete domain of denotations and Program iis the set of (well-formed) programs of a 
given programming language. If ( C, ~c) and (A, ~A) are complete lattices, the relation
ship between the concrete and abstract setting is given by a pair of adjoint functions, 
respectively the abstraction map a : C -t A and the concretization map 1 : A -t C, 
where a( c) ~A a (or equivalently c ~c ')"(a)) means that a is a r.orrect approximation of 
c. The idea is therefore that of designing an approximate semantics [·]A : Program -t A 
such that, for all P E Program, [P]A is a correct approximation of [P]. Clearly, in 
this framework the ordering relations of C and A are intended to describe the relative 
precision of the denotations, the top elements representing no information . 

One of the most fundamental facts of abstract interpretation is that most properties, 
like precision, completeness, and compositionality, of a given abstract semantics [·JA, 
which may involve complex operators, fixpoints etc. , depend upon the notion of abstrac
tion, which is precisely and uniquely specified by the above adjunction; and it is well 
known that specifying a pair of adjoint functions (abstraction) is essentially the same as 
specifying t he abstract domain A [14]. Therefore any formal method to compare or trans
form abstract interpretations is inherently ba<>ed on corresponding methods to compare 
and transform abstract domains. 

In this tutorial we will see how the process of designing an abstract domain can be 
made systematic. The foundation of this theory was fixed in 1979 by Cousot and Cousot 
[14]. We exploit. these ideas, and go beyond towards an algebraic framework for the sys
tematic construction of domains for abstract interpretat ion . In particular we will consider 

11t. would he irnpossihle to r.it.e t.he whole huge liW.rat.ure on this r.opic . 
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a number of operators to manipulate abstractions (domains). These pro\>;de an advanced 

algebraic framework where semantics, at different levels of abstraction. can be composed, 

refined, compressed , and decomposed according to t he need . The central notion in t his 

theory is that of abstract domain refinement and its dual operation.of abstract domain 
simplification [18, 25]. Intuitively a refinement is any operator performing an action of 

refinement on abstract domains, with respect to their standard ordering relation of pre
cision; while simplifications perform the dual operation of "taking out" information from 

domains. There exists a strong link between refinements/ simplifications and closure oper
ators [2], and many lattice-theoretic propert ies of closures a re inherited by them {e.g. see 

[22]) . Relevant examples of these operators include Cousot and Cousot's reduced product, 

disjunctive completion and reduced cardinal power [14, 17, 15, 20, 29, 28]. Nielson's ten

sor product [30], Giacobazzi and Ranzato's dependencies and dual-Moore-set completion 

[23], the open product and pattern completion of Cortesi et at. [7], and Giacobazzi and 

Scozzari's Heyting completion [27]. Similarly the operators of complementation in [6, 19] 

and least disjunctive basis in [26] correspond to simplifications. In program analysis these 

operators on domains provide high level facilities to tune the analysis in accuracy and 

cost , and some of them have been included as tools for abstract domain design aid in 
modern systems for program analysis, like for instance in System Z [32], in CHINA jl], 
and in PLAI [3] . In semantics of programming languages, some of them have been used 

to design new semantics in t he field of logic programming [24, 23] . We will try to give a 

global picture of this field and address new topics of research. 
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